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ABSTRACT 

This is a brief review on the work done recently. It is shown that the global con- 
straints of Gauss' law ensure that the vacuum angle must be quantized in gauge 
theories with magnetic monopoles. Our quantization rule is given as 9 = 0, or 
9 = 2nN/n (n ^ 0) with integer n being the relevant topological charge of the 
magnetic monopolc and N is an unfixed integer in this approach. This theoretically 
confirms further the conclusion originally proposed by the author 1 that the strong 
CP problem can be solved due to the existence of magnetic monopoles, the fact that 
the strong CP-violation can be only so small or vanishing may imply the existence 
of magnetic monopoles, and the universe is open. 

1. Introduction and the Summary of the Main Results 

It is well known that the effective 9 term in QCD with an arbitrary effective 
and chiral invariant vacuum angle 9 + arg(detM quark ), which will be denoted as 9 
hereafter can induce CP violations in strong interactions. However, the possible 
electric dipole moment of the netron puts a limit 9 < 1CT 9 (modulo 2n). The need for 
understanding this leads to the strong CP problem. Recently, a non-perturbative 
solution to the Strong CP problem with magnetic monopoles has been proposed 
originally by the author 12 . This may be interesting since the axions needed in the 
well-known Peccei-Quinn solution with an additional U(l) symmetry 3 have not been 
observed. In our solution 12 , it is proposed that the vacuum angle with magnetic 
monopoles must be quantized. Our quantization rule is derived by two different 
methods. This is given by 9 = 0, or 9 = 2nN/n (n ^ 0) with integer n being the 
relevant topological charge of the magnetic monopole and N is an integer. In Ref. 
1, it is shown that the integer N can be chosen as 1. The first method 1 is to show the 
existence of a monopole structure in the relevant gauge orbit space in Scherodinger 
formulation 4 5 , and using the Dirac quantization rule for having a well-defined wave 
funtional. The relevance to the Ua(1) problem and the relevant vortex structures are 
also discussed in Ref.l. The second method is to show that there exist well-defined 
gauge transformations which will ensure the quantization of 8 by the constraints 
of Gauss's law due to the non-abelican electric charges carried by the magnetic 
monopoles proportional to 9 as noted in Ref. 6 and generalized in Ref. 7. 



Therefore, we conclude that strong CP problem can be solved due to the 
quantization of 9 in the presence of magnetic monopoles, for example monopoles 
of topological charge n = ±1 with 9 = ±27r, orn> 27rl0 9 with 9 < 10~ 9 . Moreover, 
the existence of non-vanishing magnetic flux through the space boundary implies 
that the universe must be open. In this note, we will briefly discuss and review the 
method in Ref. 2. 



2. Constraints of Gauss' Law and the Qantization Rule for 9 

In the Schrodinger formulation, the gauge theory system is described by a 
Hamiltonian equation with the constraints of Gauss' law for the wave functional 
Consider the non-abelian gauge theories with a 9 term with a non-singular 
magnetic monopole at the origin. Such a 9 term in the presence of magnetic 
monopole was first considered 8 relevant to Ua(1) problem. It was noted by Wit- 
ten and generalized in Ref. 7 that monopoles of magnetic charges q = G a L a , can 
carry induced non-abelian electric charges Qe = m-^--^ 7 , me Z, where L a (a=l, 2,... 
dim(G)) form a basis for the Lie algebra of the gauge group. For an arbitrary value 
of 9, monopoles must be dyons. For simplicity, we will consider the case of static 
field for our purpose. The 9 term can be written as 

Ce = ^-B. (1) 

Where E a = -V^ a - C abc A b (f) c , B a = V x A a - \C abc A b x A c with $ a = A Q , and C abc 
being the structure constants of the Lie algebra. With integration by part, the 9 
term induces a non-abelian electric charge density 

P a = i V • B ° - I^ A& • B c . (2) 

The first and the second terms will induce a non-abelian electric charge at the 
monopole 6 ' 7 and a non-abelian electric charge density in the space outside the 
monopole respectively 7 . 

We will choose the Weyl gauge A = 0. The constraints of Gauss' law for 
y phys [A] is given by 

{-iD i ab -?- B - / ?}9 phvB [A] = 0, (3) 
oAi 

where A afc = 5 ab di + C a bcM c - Now multiply the above equation for the constraints of 
Gauss law by infinitesimal A a (x), sum over a and integrate over x. Then we obtain 



/ 



rf^WAA)"^ - \ a P a }y phys [A] = 0. (4) 



This gives S\^ ph y S [A.} = {-i J d 3 x\ a p a }ty phys [A}. For a well-defined finite gauge trans- 
formation with gauge function g(x) = exp{\ a (x)L a }, we can consider the path g(x, t) = 
exp{t\ a (x)L a } t e [0, 1], connecting g(x) and the identity element e. Consider a closed 



loop C 1 with g(x, 1) = ,g(x, 0) = e, the state wave functional ^ p h ys [A] is invariant. Then 
by integration along the closed path 4 , with A 9 = g~ x Ag + ,g _1 V 'g and tr(L a L b ) = -^S ab , 
in terms of field strength two form F, this gives 2 topologically 



9 
2^2 



tr{[ F f Sgg- 1 } = 2nk, 
Js 2 Jc 1 



(5) 



with k being integers. Now the magnetic charges can be transformed into a given 
Cartan subalgebra with the basis Hi (i=l,2...r) as 



/ F = G =4ny2t3 i H i . 



(6) 



The constraints from the well-defined gauge transformations must be physical. Con- 
sider the following 9 well-defined U(l) gauge subgroup on the space boundary given 
by 

g(t) = exvi^mtY, } a ^\ }, ™eZ, te[0,l], (7) 

where the a» (i=l,2,...,r) are the simple roots of the Lie algebra. We obtain exp{i^-} = 
1. Where n is the effective topological number of the magnetic monopole defined 

as 1 

» = -<^>=-£^- (8, 
i— i 

Therefore, we obtain the quantization rule 



9=—, (n^O), (9) 



with N being an integer. 
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